Abstract. Cosmological phase transitions can be a source of Stochastic Gravitational Wave (SGW) background. Apart from the dynamics of the phase transition, the characteristic frequency and the fractional energy density Ω gw of the SGW depends upon the temperature of the transition. In this article, we compute the SGW spectrum in the light of QCD equation of state provided by the lattice results. We find that the inclusion of trace anomaly from lattice QCD, enhances the SGW signal generated during QCD phase transition by ∼ 50% and the peak frequency of the QCD era SGW are shifted higher by ∼ 25% as compared to the earlier estimates without trace anomaly. This result is extremely significant for testing the phase transition dynamics near QCD epoch.
In this article, we revisit the energy spectrum calculation of GW in the light of QCD equation of state provided by recent lattice results. GW once produced, traverse through the space-time almost undisturbed till today. Consequently, they are unique probe of the phase transitions dynamics and hence, it is worth exploring. This paper is organized as follows: in section 2 we include the QCD equation of state and calculate the general expression of GW spectrum. In section 3 will discuss about the processes during first order phase transition by which GW can be generated. Finally, we discuss the results in section 4 and conclude in 5.
Gravitational wave spectrum revisited
In order to estimate the observable gravitational wave background today, we propagate the GW from the epoch of phase transition, where they are generated, to the current epoch. In order to do so, we consider the Boltzmann equation which takes simple form, d dt (ρ gw a 4 ) = 0 , due to the fact that the gravitational waves are essentially decoupled from rest of the universe. Assuming that the universe has expanded adiabatically since the phase transition, which implies that the entropy per comoving volume S ∝ a 3 g s T 3 remains constant, i.e.,Ṡ/S = 0 , gives us the time variation of temperature as
where g s is the effective number of relativistic degrees of freedom that contributes to the entropy density. Using the relation given in Eq. (2.1), it can be shown that
and the energy density of the gravitational waves at current epoch is given as
where " * " denotes the quantities at the epoch of phase transition and " 0 " denotes the same at current epoch (and this convention has been followed in the rest of the paper). With this, we can define the density parameter of the gravitational waves at current epoch,
where
2 has been used.
To evaluate the ratio of the Hubble parameter at the epoch of transition to that of its value today, we consider the continuity equation, given as:ρ t = −3Hρ t 1+p t /ρ t , with ρ t (p t ) being the total energy (pressure) density of the universe and dot denotes the derivative with respect to cosmic time. Using Eq. (2.1) we can express the continuity equation in terms of temperature as, where w eff = p t /ρ t is the effective equation of state parameter. Thus, energy density at the time of phase transition, obtained by integrating the above equation from some early time in the radiation dominated epoch where temperature is T r till the epoch of phase transition, is given as,
For ultra-relativistic, non-interacting particles w eff = 1/3. However, around T ∼ a few hundred MeV, the strong interaction leads to a deviation from w eff = 1/3. The equation of state around QCD epoch can be computed using the parametrization of the pressure due to u, d, s quarks and gluons, as given in Ref. [23] ,
where τ = T /T c with T c = 154 MeV being the QCD transition temperature and p i = (19 π 2 )/36 is the ideal gas value of p/T 4 for QCD with three massless quarks. The value of numerical coefficients in Eq. (2.7) are : c τ = 3.8706, a n = −8.7704, b n = 3.9200, d n = 0.3419,
0475 and τ 0 = 0.9761. Using the expression for pressure given in Eq. (2.7), the energy density can be computed from the trace anomaly [24] given as,
Note that this parametrization automatically approaches the ideal gas value for T T c because of the tanh function (see Fig. (1a) ). It has also been shown in Ref. [23] that Eq. (2.7) matches with perturbative calculations at higher temperature. Therefore, it can be used to describe the contribution form u, d, s quarks and gluons for all temperatures above 100 MeV. At temperatures lower than T c , the thermodynamic behavior of QCD is well described by hadron resonance gas model. However, for the present calculation this is not required as we are interested in the gravitational waves from phase transition above QCD scale.
Apart from quarks and gluons, contribution to the total energy density and pressure will come from other particles as well. However, energy density and pressure of a non-relativistic particle is exponentially smaller than that of the relativistic particles. Consequently, we include the energy density ρ rel and pressure p rel of relativistic particles, which is given as:
i=bosons g i + j=fermions (7/8)g j T 4 and p rel = ρ rel /3, respectively. Including the contribution of relativistic particles along with quarks and gluons, the effective equation of state is shown in Fig. (1a) . Note that the trace anomaly vanishes at T ∼ 4 GeV indicating the radiation dominated epoch. However, trace anomaly is present even at T ∼ 2 GeV and decreases the value of w eff from 1/3.
With the above inputs, we can numerically integrate Eq. (2.6) and use the relation
where, Ω r0 8.5 × 10 −5 is the current value of fractional energy density of radiation and T r = 10 4 GeV has been used in this calculation. Collating these results, the GW spectrum observed today is given by,
Few comments at this point are in order: recent lattice results have consistently reported a non-zero trace anomaly and in fact, it is large near transition temperature. However, trace anomaly vanishes at T T c . Thus, the effect of trace anomaly will be important near QCD transition and must be taken into account in all realistic calculations as considered in [22] for dark matter relic density calculation. As mentioned earlier, the ratio of the scale factor at the epoch of transition to that of its value today is given as, a * /a 0 = exp[
T 0 /T * and does not change appreciably. As a result, the peak frequency of the gravitational wave redshifted to today's epoch is
However, the frequency of the gravitational radiation generated at the epoch of transition ν * is set by the Hubble parameter at the epoch of phase transition. Hence, change in H * will change the frequency of the gravitational radiation. Presence of trace anomaly will alter the fractional energy density of the GW, Ω gw = Ω gw * (a * /a 0 ) 4 (H * /H 0 ) 2 . In fact, the fractional energy density of the GW will be enhanced. This enhancement is due to the fact that the effective equation of state parameter w eff , which depicts the energy content of the universe and hence governs the background evolution, decreases from 1/3, the ideal value. This implies that the density will fall slower than a −4 and thus, the Hubble parameter will change slower than T 2 (see Fig. (1b) ) which implies that the value of Hubble parameter at the time of transition H * will be higher than its value obtained without QCD equation of state. Consequently, there will be an overall enhancement in the GW signal.
Sources of gravitational wave
With this, we now turn our attention to Ω gw (T * ) ≡ Ω gw * , which is important for the determination of the GW spectrum. Various sources have already been reported in the literature that contribute to Ω gw * . To name a few, cosmic strings and domain walls [25, 26] , solitons and soliton stars [27] and cosmological phase transitions [8] . However, we consider the stochastic background arising from the first order phase transition. Further, we consider two important processes involved in the production of SGW at first order phase transition, namely (i) the collision of bubble walls and shocks in the plasma [8, [28] [29] [30] [31] [32] and (ii) Magnetohydrodynamic (MHD) turbulence in the plasma after bubble collision [33] . We refer to [34] , and references therein, for detailed discussion.
Bubble collisions
Contribution to the gravitational waves spectrum from bubble collisions, under envelope approximation, can be well described by [32] :
where β −1 is the time duration of the phase transition, α is the ratio of the vacuum energy density released in the phase transition to that of the radiation, v is the wall velocity and κ b denotes the fraction of the latent heat of the phase transition deposited on the bubble wall. The function S b (ν) parametrizes the spectral shape of the SGW background which is, obtained by fitting simulation data [32] as well as analytically [35] , given as
where ν b = ν b * (a * /a 0 ) with ν b * being the peak frequency of the contribution to the SGW spectrum from bubble collisions at the time of phase transition. An approximate form of ν b * is given as [32] ,
Magnetohydrodynamical (MHD) turbulence
During QCD phase transition, the kinetic and magnetic Reynolds number of cosmic fluid are large [36] . Therefore, the percolation of the bubbles can generate magnetohydrodynamical (MHD) turbulence in the fully ionized plasma. Assuming Kolmogorov-type turbulence as proposed in [37] , the contribution to the gravitational wave spectrum is described by [36, 38] :
where κ mhd is the fraction of latent heat converted into the turbulence. Shape of the spectra is determined by
where H * = (a * /a 0 )H * [36, 38] . The peak frequency redshifted to today's epoch is given as ν mhd = ν mhd * (a * /a 0 ), with ν mhd * /β = (3.5/2) v −1 .
Features of the phase transition dynamics e.g., wall velocity v, duration of phase transition β −1 , efficiency κ and α play very crucial role in determining the peak position and amplitude of the GW signal. However, there is no robust way to determine κ as yet. Therefore, we simplify the calculations by assuming that (κ b α)/(1 + α) = (κ mhd α)/(1 + α). Paucity of precise model for QCD phase transition makes it difficult to choose the duration of phase transition as well. Although, [7] argues in favor of large β/H * but smaller values of β/H * can not be simply ruled out. We take two sets of values, β = 5H * and β = 10H * in this calculation.
Results
In Fig. (2a) , we show the net GW spectrum due to bubble collision and MHD turbulence for different values of β and v with (κ b α)/(1 + α) = 0.05. Solid lines are the new results with QCD equation of state while corresponding dashed lines are the results with the ideal gas equation of state where p = ρ/3. Note that smaller value of β/H * implies larger duration of transition and hence larger amplitude of the signal. Similarly, larger wall velocity will produce larger amplitude. Also, the enhancement of the signal is due to the change in the background evolution. As the frequency of the GW signal depends on the Hubble parameter at the epoch of transition, we found that the peak frequency redshifted to todays epoch changes by ∼ 25% and the signal enhances by ∼ 50% (see Fig. (2b) ).
Summary and conclusions
To conclude, recent lattice calculations show the presence of trace anomaly near QCD phase transition. We have revisited the SGW power spectrum, generated by strong first order phase transition around QCD epoch, in presence of trace anomaly. We have shown that the trace anomaly leads to a slow down in the expansion of the universe which in turn enhance the gravitational wave signal (see Fig. (2a) ). This enhancement is around ∼ 50% (see Fig. (2b) ) which is significantly large. Characteristic frequency of the signal observed today is set by the Hubble parameter at the epoch of transition. Therefore, the frequency redshifted to current epoch also changes by ∼ 25%. Thus, the possibility of detection of the stochastic gravitational background signal due to phase transition in future observations is more. This result will be important while comparing observations from Pulsar Timing Array [3] and Square Kilometer Array [4, 5] with the predictions of phase transitions.
